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ABSTRACT
We study lithium depletion in low-mass and solar-like stars as a function of time, using a new diffusion coefficient
describing extra-mixing taking place at the bottom of a convective envelope. This new form is motivated by multi-
dimensional fully compressible, time implicit hydrodynamic simulations performed with the MUSIC code. Intermittent
convective mixing at the convective boundary in a star can be modeled using extreme value theory, a statistical analysis
frequently used for finance, meteorology, and environmental science. In this letter, we implement this statistical
diffusion coefficient in a one-dimensional stellar evolution code, using parameters calibrated from multi-dimensional
hydrodynamic simulations of a young low-mass star. We propose a new scenario that can explain observations of the
surface abundance of lithium in the Sun and in clusters covering a wide range of ages, from ∼ 50 Myr to ∼ 4 Gyr.
Because it relies on our physical model of convective penetration, this scenario has a limited number of assumptions. It
can explain the observed trend between rotation and depletion, based on a single additional assumption, namely that
rotation affects the mixing efficiency at the convective boundary. We suggest the existence of a threshold in stellar
rotation rate above which rotation strongly prevents the vertical penetration of plumes and below which rotation has
small effects. In addition to providing a possible explanation for the long standing problem of lithium depletion in
pre-main sequence and main sequence stars, the strength of our scenario is that its basic assumptions can be tested
by future hydrodynamic simulations.
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1. INTRODUCTION
Lithium abundance observed at the surface of a star is
a sensitive probe of its interior. Despite decades of theo-
retical efforts, the observed surface abundance of lithium
in pre-main (PMS) and main sequence (MS) stars in
clusters of different ages remains difficult to interpret.
To reproduce the observed mass and age dependence of
lithium depletion, models require an increasingly com-
plex combination of mixing processes from overshoot-
ing, rotational mixing, and microscopic diffusion. Sev-
eral free parameters define these models, which must
be adjusted based on observations (see e.g Castro et al.
2016). Since the nineties, observational evidence accu-
mulates showing that rotation plays a key role in lim-
iting the lithium depletion process (see e.g Tscha¨pe &
Ru¨diger 2001). Fast rotators appear to be less depleted
than their slow rotating counterparts and this trend per-
sists in clusters of different ages. This is observed at ∼
5 Myr in NGC2264 (Bouvier et al. 2016), ∼ 25 Myr
in the β Pictoris association (Messina et al. 2016) or
at ∼ 120 Myr in the Pleiades (Barrado et al. 2016).
These observations totally counter current models of ro-
tational mixing. To explain this trend, a complex link
between lithium depletion and rotation needs to be in-
voked. Bouvier (2008) suggest that slow rotators de-
velop a higher level of differential rotation, and thus
of Li destruction, while fast rotators exhibit little core-
envelope decoupling. This idea, however, still needs to
be proven. Somers & Pinsonneault (2014, 2015) suggest
that fast rotation and strong magnetic fields result in
radius inflation that can inhibit Li depletion. Though
attractive, this idea adds another layer of complexity
and additional free parameters in 1D stellar evolution
models. Lithium depletion in PMS and MS stars thus
remains an open problem.
In this letter, we propose a scenario based on a single
physical process to explain the main observed trends of
lithium depletion, namely mixing due to the penetration
of convective motions in the stable region at the base of
the convective envelope of PMS and MS stars. Mixing at
convective boundaries, also referred to as overshooting
or penetration, is one of the oldest unsolved problems
of stellar structure and evolution theory (e.g Shaviv &
Salpeter 1973; Schmitt et al. 1984). Overshoot at the
base of the solar convection zone is crucial to interpret-
ing helioseismology data (Christensen-Dalsgaard et al.
2011) and understanding the Sun’s magnetic activity
(Rempel 2004). Many stellar evolution models include
convective boundary mixing. A common treatment is to
arbitrarily fix an overshoot length lov which characterises
the width of the overshooting layer where mixing is very
efficient. The width lov is calibrated from observations.
We recently derived a new form for the diffusion coef-
ficient describing mixing below the convective envelope
of a PMS star based on multi-dimensional fully com-
pressible hydrodynamic simulations (Pratt et al. 2017).
This original approach is based on the statistical analy-
sis of numerical data using extreme value theory, a well
known statistical method in finance, meteorology or en-
vironmental science. In this work, we implement this
diffusion coefficient in our one-dimensional (1D) stellar
evolution code (Baraffe et al. 1998) and explore its effect
on lithium depletion in the stellar mass range 0.85-1.5
M for which observations in various clusters of differ-
ent ages are available. We demonstrate that the general
trend of lithium depletion as a function of age and mass
is reproduced, if one additional assumption is made re-
garding the effect of rotation on the efficiency of the
convective boundary mixing. We suggest the existence
of a threshold in stellar rotation rate above which rota-
tion strongly prevents the vertical penetration of plumes
and below which rotation has small effects. We conclude
this preliminary work with future plans to explore this
scenario with multi-dimensional stellar simulations.
2. MULTI-DIMENSIONAL SIMULATIONS OF
CONVECTIVE OVERSHOOT
We have recently explored hydrodynamic simulations
of two-dimensional compressible convection in a pre-
main sequence 1 M star using a new time-implicit
code, the MUltidimensional Stellar Implicit Code (MU-
SIC) (Viallet et al. 2011, 2013, 2016; Geroux et al. 2016;
Goffrey et al. 2017). The 2D models are in spherical
geometry and are calculated using realistic stellar inte-
rior conditions (including a realistic stellar equation of
state and opacities, see Pratt et al. 2016, 2017). These
simulations cover up to 525 convective turnovers, pro-
ducing statistically robust data that characterises the
extent and impact of convective penetration at the bot-
tom of the convective envelope. The results reveal the
frequency and physical importance of extreme events
where intermittent convective plumes penetrate deep be-
low from the convective boundary into the stable radia-
tive region. Note that preliminary 3D simulations show
the same patterns as found in 2D and confirm the ex-
istence of extreme plume events. Associating mixing
process with plume penetration, we apply a statistical
method based on extreme value theory to derive the
cumulative distribution function (CDF) of the maximal
penetration depth obtained in our numerical simulations
(see Pratt et al. 2017). We derive a new form for a dif-
fusion coefficient DEX characterised by this CDF and
describing mixing driven by the convective plumes in
the penetration layer. This formalism is reasonable for
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stellar interiors characterised by large Pe´clet numbers.
The diffusion coefficient in the penetration layer is ex-
pressed as a function of the radial position r and has the
form:
DEX(r) = D0
{
1− exp
[
− exp
(
−
(rB−r)
R − µ
λ
)]}
.(1)
The parameter D0 represents the mixing in the con-
vective zone and is assumed to be equal to the diffu-
sion coefficient at the bottom of the convective envelope
DMLT = 1/3Lmix vMLT defined by mixing length the-
ory (MLT) and calculated from the 1D stellar structure
model (see §3). In this expression Lmix is proportional
to the pressure scale-height, Hp, and vMLT is the con-
vective velocity. R is the total radius of the star and
rB is the position of the Schwarzschild boundary at the
bottom of the convective envelope. The coefficients λ
and µ are obtained from the fit to the cumulative distri-
bution function derived from our numerical simulations
(see Pratt et al. 2017). In the following we adopt the
parameters derived from simulation YS0 of a pre-MS 1
M model (see Table 2 of Pratt et al. 2017), λ = 6 ·10−3
and µ = 5 ·10−3. Simulation YS0 is the most relevant in
terms of collection of statistical data as it covers 525 con-
vective turnovers. In our exploration of lithium deple-
tion, these parameters and the resulting diffusion coeffi-
cient do not depend on the stellar structure or age. We
make this choice for the present study, because hydro-
dynamic convection data is not yet available throughout
the course of the star’s evolution. Extending the range
of hydrodynamic simulations is planned in the future
(see §5). There is therefore no model presently avail-
able for how mixing at a convective boundary changes
in time, as the radial extent of the star’s convection zone
shrinks.
3. APPLICATION TO 1D STELLAR EVOLUTION
MODELS
We implement the diffusion coefficient DEX from
eq. (1) in our 1D stellar evolution code using the same
input physics as in the models of Baraffe et al. (1998).
These models are widely used for comparisons with
observations of low mass-stars in clusters. We use a
mixing length parameter Lmix = 1.9Hp to reproduce
the Sun’s luminosity and radius at 4.6 Gyr. Figure 1
shows the evolution of the surface abundance of lithium
for a 1 M model with different treatments of mixing in
the overshooting layer below the convective envelope1.
1 We adopt the meteoritic abundance A(Li)=3.3 (Grevesse &
Sauval 1998) as the initial abundance of Li.
When extra-mixing is based on the diffusion coefficient
DEX, the depletion of lithium is too rapid and it is
completely destroyed after around 30 Myr (long-dash
- short-dash blue curve). Such strong depletion is pre-
vented if the layer where mixing proceeds according to
DEX is limited; we therefore explore a fixed limit for
the overshooting layer using a width dov. The observed
solar lithium abundance is reproduced within the er-
ror bars if dov ∼ 0.30Hp − 0.35Hp. In contrast, if a
simple overshooting length `ov with efficient mixing
2
is adopted, and set to the same value as this limiting
width dov, our stellar evolution calculations show that
lithium is more depleted than the observed value (see
dotted curve in Figure 1). Obviously, one can reproduce
the observed Li abundance with a smaller value of `ov,
but this comparison illustrates the effect of the decay-
ing form of DEX (see upper panel of Figure 1) which
produces a smoother transition between the convective
region and the stable one, in better agreement with the
smooth overshoot profiles inferred from helioseismol-
ogy (Christensen-Dalsgaard et al. 2011; The´venin et al.
2017).
4. LITHIUM DEPLETION AS A FUNCTION OF
TIME: THE ROLE OF ROTATION
To compare the depletion of lithium as a function of
time with observations, we compute a range of stellar
models using DEX with limiting width dov = 0.35Hp, for
stars with masses between 0.85 M and 1.5 M. We
find that this treatment is unable to explain Li abun-
dance if applied consistently throughout early and late
stages of stellar evolution. This is illustrated in Figure
2. A comparison between observations and models with
mixing at the convective boundary according to DEX
shows a significant overestimate of Li depletion for ages
<∼ 2 Gyr. For older ages, a conclusion is difficult to
reach given the large spread of the data for M67. We
conclude that either the form of the diffusion coefficient,
or the limiting width must be allowed to change as the
star ages.
To probe this discrepancy, we explore a simple sce-
nario that relies on the effect of rotation on the con-
vective plumes. Recent numerical studies (Ziegler &
Ru¨diger 2003; Brummell 2007; Brun et al. 2017) that
focus on the combined effects of convection and rota-
tion suggest that rotation may reduce the penetration
depth of convective motions at the convective boundary
when the rotation rate is high. Fast rotation may result
in tilting of the down-flows and an enhancement of hor-
2 Assuming D is constant and equal to the value of DMLT at
the bottom of the convective envelope.
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Figure 1. Radial profile of the diffusion coefficient D (up-
per panel) and lithium depletion as a function of age (lower
panel) in a 1 M stellar model with different treatments of
overshooting. Upper panel: radial profile of D (in cm2 s−1)
as a function of radius r (divided by the total stellar radius
R) at t=20 Myr. Standard model without overshooting:
long-dash black; DEX with no limitation on dov: long-dash
- short-dash blue; DEX with dov = 0.35Hp: dash blue; sim-
ple overshooting length `ov = 0.35Hp: dot magenta (see §3).
Lower panel: abundance of Li is normalised to the initial
abundance Li0 and time is in yr. The black and blue curves
correspond to models with the diffusion coefficients displayed
in the upper panel (same color and linestyle). Curves in red
are models with assumptions for rotation effects (see details
and explanations in §4): fast initial rotation (solid red) and
slow initial rotation (dash-dot red). The black vertical line at
the Sun’s age shows the range 1/100 <∼ Li/Li0 <∼ 1/200 for
the solar surface abundance of lithium (Grevesse & Sauval
1998).
izontal mixing at the expense of vertical mixing, in the
overshoot region. A similar effect can be found in buoy-
ant plumes in deep oceans (Fabregat Toma`s et al. 2016).
However, there has been so far no quantitative estimate
of the effect of rotation on the width of the overshoot-
ing layer and on the mixing efficiency in this layer. In-
spired by our description of convective boundary mixing
and the works above-mentioned, we suggest a scenario
in which mixing at the convective boundary takes place
according to our statistical diffusion coefficient DEX de-
fined in §2. But compared to the treatment adopted in
§3, we assume a maximum penetration depth that de-
pends on the rotation rate, with fast rotation strongly
limiting the vertical penetration of the most vigorous
convective plumes. Our assumptions are the following:
• (i) Below a critical rotation rate Ωcrit (for slow
rotators), mixing takes place down to dov ∼ 1Hp.
• (ii) Above Ωcrit (for fast rotators), mixing is lim-
ited to 0.1 Hp.
• (iii) We adopt Ωcrit = 5 Ω, corresponding to a
period Pcrit = 5 days (Ω = 2.9 · 10−6 rad · s−1 or
P = 25 days).
Presently, the values for Ωcrit and dov are chosen to
broadly reproduce the observations. More work is re-
quired to find an underlying physical justification. To
test our scenario, we adopt a simple model to follow
the evolution of the rotation rate of our stellar mod-
els, assuming solid-body rotation and magnetic braking
using Kawaler’s law (Kawaler 1988) (see details in Bou-
vier et al. 1997; Viallet & Baraffe 2012). We assume
two different initial rotation periods to broadly cover
the range of observed periods in young clusters: slow
initial rotators with a rotation period P0= 12.5 days
(Ω0 = 2 Ω) and fast initial rotators with P0= 1.25 days
(Ω0 = 20 Ω). As the model used provides a reasonable
estimate for the evolution of the rotation rate of stars in
the considered mass range, and given that the rotation
does not directly impact the evolution itself, the details
of the rotation model are not critical for the present
purpose. This is illustrated in Figure 3, which compares
the predicted rotation periods for models between 0.85-
1.5 M and the range of measured period in clusters of
different ages.
The results for Li depletion, shown in Figure 1 for a 1
M star, are expanded for a range of stellar masses in
Figure 2. In Figure 1, the observed solar Li abundance
can be matched with this scenario, assuming a slow ini-
tial rotation period. The range of masses explored in
Figure 2 shows that the models recover the correct trend
of Li depletion as a function of age. The inhibiting ef-
fect of rotation on the vertical penetration of the plume
while the star is young and rapidly rotating prevents
lithium destruction at early ages, which was previously
found with models that do not account for rotation (as
illustrated by comparing the red and blue curves in Fig-
ure 1 ). The other interesting result is that the models
can reproduce the observed correlation between rotation
and Li abundance, with the faster rotators being less Li
depleted than their slower counterparts (Figure 2).
5. DISCUSSION AND CONCLUSION
While models based on the present scenario convinc-
ingly recover the observed trend of lithium depletion as
a function of age, a close comparison with observations
shown in Figure 2 reveals certain discrepancies. The
well-known lithium dip or gap at Teff ∼ 6500K, which
is particularly visible for the Hyades, is not reproduced,
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Figure 2. Lithium abundance versus effective temperature in different clusters. The observations are for (a) IC2391 (blue
diamonds) and IC2602 (magenta dots) from Randich et al. (2001); (b) Pleiades from Barrado et al. (2016) (magenta diamond)
and Gondoin (2014) (black dots); (c) Hyades from Castro et al. (2016) (magenta circle) and Cummings et al. (2017) (blue
squares); (d) NGC752 from Castro et al. (2016) (magenta circles); (e) M67 from Castro et al. (2016) (magenta circles). The
different curves correspond to stellar models with masses between 0.85-1.5 M with different treatments of overshooting, with
the same linestyles and colours as in Figure 1. The symbols on the red curves indicate the masses 0.85, 0.9, 0.95, 1, 1.1, 1.2,
1.3, 1.4 and 1.5 M (from left to right; note that in (d) and (e) only the symbols for the highest masses are shown, Li being
fully depleted in the lowest masses).
and is not explained by our scenario (see Barrado et al.
2016, and references therein). However, for a simple
model that uses a physically-based diffusion coefficient
and a simple two-parameter limiting process based on a
critical rotation rate Ωcrit, and limiting width dov, this
recovers the trend in observations remarkably well. Al-
though parameters could be better tuned to match the
observations, that is not our objective. Our goal is to
explore a new scenario that could provide an explana-
tion for Li depletion in low-mass and solar-like stars as a
function of age, based on a reduced number of assump-
tions and relying on a physical and statistical model
of convective boundary mixing derived from numerical
simulations. Even in the simple form presented here,
this scenario can explain the observed trend between
rotation and depletion, based on one major assumption,
namely that rotation affects the vertical penetration of
plumes and thus the mixing efficiency at the convective
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Figure 3. Rotation period (in days) versus time (in yr) for
initially slow (P0= 12.5 d; dash-dotted lines) and fast (P0=
1.25 d; solid lines) rotating stars of mass 0.85 M (blue), 1
M (red) and 1.5 M (magenta). The black vertical lines
give the range of observed periods in clusters of different ages
adopted from Gallet & Bouvier (2015).
boundary. We suggest the existence of a threshold Ωcrit
above which rotation strongly prevents the vertical pen-
etration of plumes, even the most vigorous ones, and be-
low which rotation has small effects on the most vigorous
plumes. Interestingly enough, the idea of a critical rota-
tion can be found in the theoretical work of Ru¨diger &
Pipin (2001), which highlights the complex interplay be-
tween rotation, turbulence and diffusion and shows how
rotation can suppress and deform turbulence, with a net
effect of enhancing or reducing chemical mixing depend-
ing on the rotation rate. The strength of our scenario
is that its assumptions are testable with hydrodynamic
numerical simulations. This is our future goal. We plan
to perform the same MUSIC simulations as Pratt et al.
(2017) for a range of stellar masses and stages of evo-
lution and also include the effects of different rotation
rates. We also plan to explore other observational sig-
natures of our statistical model for mixing at convective
boundaries, namely the depletion of beryllium and the
heat transport that may affect the temperature profile in
the overshooting region, which can be directly compared
with helioseismology and asteroseismology data.
This work represents a successful effort to directly link
multi-dimensional hydrodynamic simulations to stellar
evolution models and observations. It demonstrates the
potential of our statistical approach to quantitatively de-
rive diffusion coefficients for convective boundary mix-
ing and provides a promising avenue to improve one-
dimensional stellar evolution models.
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